Abstract. We investigate both geometric and conformal field theoretic aspects of the version of mirror symmetry on N = (4, 4) superconformal field theories with central charge c = 6 which was found by Vafa and Witten for more general orbifolds of toroidal theories [VW95], and which was generalized to the celebrated Strominger/Yau/Zaslow conjecture [SYZ96]. Our approach enables us to determine the action of mirror symmetry on (non-stable) singular fibers in elliptic fibrations of Z N orbifold limits of K3. The resulting map gives an automorphism of order 4, 8, or 12, respectively, on the universal cover of the moduli space. We explicitly derive the geometric counterparts of the twist fields in our orbifold conformal field theories. The classical McKay correspondence allows for a natural interpretation of our results.
Introduction
Mirror symmetry relates two different geometric interpretations of a given N = (2, 2) superconformal field theory [Dix87, LVW89, GP90] . For strict N = (2, 2) theories the conceptual issues are fairly clear. It is useful, though, to recall them as preparation for a discussion of the case of higher supersymmetry, where the literature contains many incompatible statements.
An N = (2, 2) superconformal field theory is a fermionic conformal field theory (CFT) together with a marking, i.e. a map from the standard super-Virasoro algebra into the operator product expansion (OPE) of this theory. Due to the marking, the theory has well defined left and right handed U (1) charges Q, Q. Markings which differ by Q, Q gauge transformations are identified. Results on N = (2, 2) deformation theory [Dix87] show that for given central charge c a moduli space of N = (2, 2) superconformal field theories can be defined. Its irreducible components at generic points are Riemannian manifolds under the Zamolodchikov metric [Zam86] and have at most orbifold singularities. Note that the completion of the moduli space may contain points of extremal transitions which do not have CFT descriptions and will not be of relevance for our discussion. We shall restrict considerations to a connected part of the moduli space. By the above it has a unique smooth, simply connected covering space M. We also assume that all theories in our moduli space include the spectral flow operators in their Hilbert spaces.
Let us now consider strict N = (2, 2) theories, i.e. those for which the marking has no continuous deformations. Then with respect to the left and right U (1) action the tangent bundle T M canonically splits into two subbundles. The cover of the moduli space has a corresponding canonical product realization M = M 1 × 1 M 2 . This also gives a factorization M = M 1 × M 2 of the moduli space itself [Dix87, DG88] , if we restrict the fundamental group Γ to automorphisms γ with a factorization γ = γ 1 γ 2 , where γ i ∈ Γ only acts on M i . Other automorphisms may exist that are related to the effect of monodromy (see [GHL96, KMP96] ), in which case we refer to a cover M of the actual moduli space. The two subbundles of T M are distinguished by the marking. The standard mirror automorphism of the super-Virasoro OPE which inverts the sign of one of the U (1) generators interchanges these subbundles.
One expects that near some boundary component of the moduli space any of our theories has a geometric interpretation as supersymmetric sigma model on a space X with Ricci flat Kähler metric of large radius. Here we assume uniqueness of X for simplicity, also since no counter example is known to us. One possible deformation of X is given by the scale transformation of the metric. It turns out to belong to the tangent space of one of the factors, say M 1 . Then M 2 becomes the space of complex structures on X and close to the boundary M 1 corresponds to variations of the complexified Kähler structure. Under mirror symmetry the roles of the two factors are interchanged, such that M 1 becomes the moduli space of complex structures on some other space X ′ . This induces a duality between geometrically different Calabi Yau manifolds, an observation that has had a striking impact on both mathematics and physics (see [COGP91, Mor93] , and [CK99] for a more complete list of references).
Given a Calabi-Yau manifold X one can construct the corresponding family of sigma models, the moduli space M, and the mirror Calabi-Yau manifold X ′ . Since X, X ′ determine (families of) classical geometric objects, it should be possible to transform one into the other by purely classical methods. Such constructions for mirror pairs have been proposed in the context of toric geometry [Bat94] as well as T-duality [VW95, SYZ96] . They should yield an isomorphism between the space of (instanton enhanced) large Kähler structures on X and a corresponding space of large complex structures on X ′ . When X, X ′ are isomorphic, an isomorphism between M 1 and M 2 is induced. This corresponds to an automorphism of the CFT which changes the sign of one of the two U (1) currents and exchanges the corresponding supercharges. Note that by the above conventions an automorphism of a marked CFT must respect the product structure of M. In particular, orientation change of X projected to the first factor gives space parity change, which is not regarded as automorphism of the sigma model. In other words, orientation change of X does not induce an automorphism of marked CFTs.
Different sigma models may yield the same marked CFT. We have already encountered this phenomenon in noting that M is not simply connected. When we use one particular sigma model as base point and deform along the boundary of M, all boundary points inherit a unique geometric interpretation, including the B-field and a marking of the homology. A choice of different boundary points as base points yields different geometric interpretations, but by construction all of them are related by conjugation with some element of the fundamental group Γ.
The basic case is given by theories with central charge c = 3, which correspond to sigma models on a two-dimensional torus. Here one has M = H × H, where we shall use coordinates ρ, τ for the two copies of the upper complex half-plane H ∼ = M 1 ∼ = M 2 . In our conventions on automorphisms, the fundamental group is given by the standard SL(2, Z) × SL(2, Z) action on M. For purely imaginary ρ, τ the theory is the (fermionic) product of circle models with squared radii r 2 1 = ρ/τ , r 2 2 = −ρτ . Hence our theory has a nonlinear sigma model description given by two Abelian U (1) currents j 1 , j 2 , and their N = 2 superpartners ψ 1 , ψ 2 , two Majorana fermions, all compactified on a real torus. The U (1) current of the left-handed N = 2 superconformal algebra is J = i :ψ 2 ψ 1 :. Hence mirror symmetry can be induced by the OPE preserving map (ψ 1 , ψ 2 ) → (−ψ 1 , ψ 2 ), (j 1 , j 2 ) → (−j 1 , j 2 ) which in turn is the T-duality map of the fermionic sigma model on the first circle, i.e. r 1 → (r 1 ) −1 . This implies that M 1 is isomorphic to M 2 , as stated above. Summarizing, close to the "boundary point" τ = i∞, ρ = i∞ of M mirror symmetry is given by the exchange of ρ and τ . This is fiberwise T-duality in an S 1 fibration (with section) on the underlying torus and motivates the construction [VW95, SYZ96] . The cusp τ = i∞, ρ = i∞ corresponds to a limit where the basis volume r 2 becomes infinite, whereas the relative size of the fiber is arbitrarily small, e.g. for constant r 1 . Since base space and fiber are flat, semiclassical considerations are applicable for arbitrary r 1 , such that mirror symmetry yields a relation between two classical spaces. At other cusps of M mirror symmetry is given by the corresponding SL(2, Z)×SL(2, Z) conjugates. Conjecturally the idea carries over to suitable torus fibrations over more complicated base spaces of infinite volume. Mathematically, the expected map is given by a Fourier-Mukai type functor [Kon95, Mor99] .
The construction of mirror symmetry by fiberwise T-duality also makes sense when X is a hyperkähler manifold and the corresponding sigma model has a superconformal symmetry which is extended beyond N = (2, 2), though the relationship with CFT is somewhat different. The moduli space M no longer splits canonically. Moreover, there are no quantum corrections to the Kähler structure, such that each point of M corresponds to a classical sigma model, with well defined Ricci flat metric and B-field. According to the previous arguments, mirror symmetry must yield an element γ ms of Γ, which depends on the geometric interpretation. A change of the geometric interpretation is described by the action of some g ∈ Γ and transforms γ ms to g −1 γ ms g. The picture developed so far is conjectural, but in some cases it can be verified, since the moduli space is entirely known. This is true for toroidal theories and for those theories with c = 6 whose Hilbert spaces include the spectral flow operators [Nar86, AM94, NW01] . Every such theory admits geometric interpretations in terms of nonlinear sigma models either on tori or on K3, depending on the CFT. Thus any mirror symmetry relates two different geometric interpretations within the same moduli space M.
In this note, we explore a version of mirror symmetry on Kummer type K3 surfaces that was proven in a much more general context in [VW95] and actually led to the Strominger/Yau/Zaslow conjecture, see [SYZ96, GW97, Mor99, vE00] . Namely, for a T 2 fibred K3 surface p : X −→ P 1 with elliptic fibers and a section, mirror symmetry is induced by T-duality on each regular fiber of p. Among various maps known as mirror symmetry, this is the only one with general applicability. We show that it generalizes to the singular fibers and determine the induced map. It turns out to be of finite order 4, 8, or 12 in the different cases we discuss. Our approach enables us to read off the exact identification of twist fields in the relevant orbifold conformal field theory with geometric data on the corresponding Kummer type K3 surface. The role of "geometric" versus "quantum" symmetries is thereby clarified. The correct identification is also of major importance for the discussion of orbifold cohomology and resolves the objection of [FG] to Ruan's conjecture [Ruab] on the orbifold cohomology for hyperkähler surfaces 1 . For those Kummer type K3 surfaces discussed in this note, our results in fact prove part of Ruan's conjecture.
To make the paper more accessible to mathematicians, we do not use the language of branes for the geometric data, but a translation is not hard.
This work is organized as follows: In Sect. 2 we discuss our mirror map on fourtori. In Sect. 3 we show how this map induces a mirror map on Kummer K3 surfaces X. In particular, we determine the induced map on the (non-stable) singular fibers of our elliptic fibration p : X −→ P 1 . In Sect. 4 we give its generalization to other Kummer type surfaces, i.e. other non-stable singular fibers. Sect. 5 deals with the CFT side of the picture: As explained above, the mirror map is an automorphism on a given superconformal field theory. Its action on the Hilbert space of Z N orbifold conformal field theories on K3, N ∈ {2, 3, 4, 6}, is determined independently from the results of Sects. 3 and 4. In Sect. 6 we use the previous results to read off an explicit formula that maps twist fields to cohomology classes on K3. This is interpreted in terms of the classical McKay correspondence. We close with a summary and discussion in Sect. 7. 
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The Mirror Map for Tori
As pointed out in the Introduction, for an N = (2, 2) superconformal field theory on a two-dimensional orthogonal real torus with radii r 1 , r 2 and vanishing B-field, at large r 2 , mirror symmetry is just the T-duality map r 1 → (r 1 ) −1 for one radius, whereas r 2 remains unchanged. This map is naturally continued to arbitrary values of r 1 , r 2 [VW95] . Now consider a toroidal theory on the Cartesian product T of two two-dimensional orthogonal tori with radii r 1 , r 2 , and r 3 , r 4 , respectively. Since the U (1) currents of the N = 2 superconformal algebras in the lower dimensional theories add up to give the U (1) current of the full theory, mirror symmetry is induced by
. After a suitable choice of complex structure this is fiberwise T-duality on a special Lagrangian fibration (with section) of our fourtorus. Hence we are discussing the version of mirror symmetry that was generalized in [SYZ96] , see also [Mor99, vE00] .
We wish to determine the corresponding map on the cover of the moduli space. Recall [ET88] that in the present case of N = (2, 2) superconformal field theories with central charge c = 6 we actually have extended, i.e. N = (4, 4) supersymmetry. By [Nar86, Sei88, Cec90, AM94, NW01], a theory in the corresponding moduli space is specified by the relative position of an even self-dual lattice L and a positive definite 2 four-plane x in R 4,4+δ ∼ = H even (Y, R) with δ = 0 or 16, depending on whether the theory is associated to a torus or a K3 surface Y . In terms of parameters (g, B) of nonlinear sigma models on Y , g an Einstein metric on Y and B the B-field, and for vanishing B-field, x is just the positive eigenspace of the Hodge star operator * in H even (Y, R), and L = H even (Y, Z). The fundamental group of the moduli space is given by
where L(Y 0 ) describes the base point.
To determine the element of Γ that acts as mirror symmetry, it is crucial to gain a detailed understanding of the map that associates a point in moduli space to given nonlinear sigma model data. In d dimensions, it is customary to specify a toroidal theory by a lattice with generators λ 1 , . . . , 
The vectors µ i := M e i , i ∈ {1, . . . , d}, form a dual basis with respect to λ 1 , . . . , λ d . Similarly, we have a natural representation on Λ n (Ř d ). The image of Λ under this representation will be denoted Λ n (M ). Note that Λ d (M ) acts by multiplication with V −1 , where V = det(Λ) is the volume of the torus. In the standard description, the charge lattice of the theory is given by pairs
, where it is natural to take
The charge lattice is even and integral and is obtained as image of the standard lattice
Here B appears as a skew symmetric linear transformation from
To describe torus orbifolds we have to work with the lattice
The vector space H even (T 0 , R) carries a bilinear form ·, · that we obtain from the intersection form upon Poincaré duality, i.e.
Accordingly, we have to use a half spinor representation s of SO + (d, d). We now specialize to the case d = 4, where 
Here B 2 = B, B as given in (3), and byb we denote the dual of b. The matrix
and is given with respect to the basis e 1 ∧ e 2 ∧ e 3 ∧ e 4 , e i ∧ e j , 1. Note that in [NW01] we have used a normalization of the scalar product on H 2 (T 0 , Z) which differs by a factor of V from the above. The sigma model on T 0 with B = 0 is described by the lattice L(T 0 ) and the positive definite four-plane x 0 ⊂ H even (T 0 , R) which is left invariant by the Hodge star operator * . The latter is given by x 0 = span R 1 + e 1 ∧ e 2 ∧ e 3 ∧ e 4 , e 1 ∧ e 2 + e 3 ∧ e 4 , e 1 ∧ e 3 + e 4 ∧ e 2 , e 1 ∧ e 4 + e 2 ∧ e 3 .
For arbitrary sigma model parameters (Λ, B), x 0 as in (5) remains the +1 eigenspace of * , but we have
A point in the cover M of the moduli space is described by the relative position of L with respect to x 0 , i.e. the pair x 0 , s(Λ, B). Since only the relative position counts, we can use Rx 0 and Rs(Λ, B) with arbitrary R ∈ SO + (4, 4). To avoid confusion one should note that in [NW01] we have used Rs(Λ, B) = s(V −1/4 Λ, B). For the description of mirror symmetry, however, it is more convenient to choose R = 1 .
Let us now determine the lattice automorphism that acts as mirror symmetry. It suffices to consider B = 0 and a torus T with defining matrix Λ = diag(r 1 , . . . , r 4 ), r i > 0. The generators of its even cohomology group H even (T, Z) will be denoted υ = µ 1 ∧ · · · ∧ µ 4 , µ i ∧ µ j , υ 0 = 1. By the above we need to find a map that leaves H even (T, Z) and the four-plane (5) invariant and induces r 1 → (r 1 ) −1 , r 3 → (r 3 ) −1 on the torus parameters. To this end, substituting e i = r i µ i into (5) one in particular finds
for the base point of the moduli space given by T 0 and B = 0 [Nah00]. To fix the signs, recall that T-duality in the x 1 , x 3 fiber of our T 2 fibration of T , as automorphism of
, acts by conjugation with the element
is given by the spinor representation s(σ) of this group element. Since σ is a rotation by π, the square of s(σ) is −1 . One finds (up to an irrelevant overall sign)
Note that the lower two lines of (7) are induced by µ 1 → µ 3 → −µ 1 , as expected from T-duality on the x 1 , x 3 fiber. Since the corresponding lattice automorphism
is simply obtained by conjugation with s(Λ, B), (7) fully determines our mirror map.
We stress that γ MS (T 0 ) is a lattice automorphism of order 4, and γ MS (T 0 ) • γ MS (T 0 ) = −1 . It has also been observed before that γ MS (T 0 ) can be understood as hyperkähler rotation in M [BBRP98, Dij99, BS98, ACRY, ACRY01], in full agreement with the above.
With respect to the complex structure I given by (e 1 + ie 2 ) ∧ (e 3 + ie 4 ), the second line in (5) corresponds to the complex structure and the first to its orthogonal complement. γ MS (Λ, B) exchanges the two, in accord with the general notion of mirror symmetry discussed in the Introduction. Moreover, the T 2 fibration with fiber coordinates x 1 , x 3 is elliptic with respect to the complex structure J given by (e 1 − ie 3 ) ∧ (e 2 + ie 4 ) (with a holomorphic section), and therefore it is special Lagrangian with respect to I (c.f. [HJ82] ). Hence (7) also describes a version of mirror symmetry in the sense of [SYZ96, Mor99] , obtained from
. When we discuss orbifolds with respect to rotations in fiber and basis, the transformation (7) is not always applicable. For such rotations, the forms υ, υ 0 , µ 4 ∧ µ 2 and µ 1 ∧ µ 3 are invariant, but not necessarily the others. To solve this problem, we compose γ MS (T 0 ) with the orientation preserving map µ 1 → µ 3 , µ 3 → −µ 1 which fixes µ 2 , µ 4 , υ, υ 0 . The composition yields
When we work with orbifolds of other fibred tori we always keep µ 1 , µ 3 as generators of periods in the fiber and µ 2 , µ 4 as generators of periods in the basis, such that γ MS (T ′ 0 ) lifts to a symmetry of the conformal field theory which commutes with the symmetries used for orbifolding.
The Mirror Map for Kummer Surfaces
Recall the classical Kummer construction of K3: Given a four-torus T , we have a Z 2 symmetry induced by multiplication with −1 on R 4 . By blowing up the 16 singularities of the corresponding Z 2 orbifold of T and assigning volume zero to all exceptional divisors in the blow up we obtain an orbifold limit of K3, a Kummer surface X. In particular, there is a rational map π : T −→ X of degree 2 which is defined outside the fixed points. The T 2 fibration of T used in Sect. 2 induces a T 2 fibration p : X −→ P 1 which is elliptic with respect to π * J and therefore special Lagrangian with respect to π * I. Note that the holomorphic section is not the π * image of the section in our fibration of T . We rather have to use the Weierstraß model, such that each singular fiber can be labeled by its Kodaira type [Kod63] . In other words, the discriminant locus must be nonsingular, and the Poincaré duals of the generic fiber and section are given in (10) below. Apart from the behavior at the four singular fibers, mirror symmetry as discussed above is induced by mirror symmetry on the torus. This was in fact proven more generally in [VW95] and generalized to the Strominger/Yau/Zaslow conjecture in [SYZ96] .
It again suffices to specialize to the standard torus T 0 , consider the corresponding Kummer surface X 0 , and determine the automorphism of the lattice L(X 0 ) that acts as mirror symmetry at this base point. To this end, let us recall the description of L(X 0 ) as found in [Nik75, NW01] . The orbifolding map π induces an injective map π * on cohomology such that
where I labels the 16 fixed points of the Z 2 orbifolding, and the E i project to the Poincaré duals of the exceptional divisors in the blow up of these fixed points (see below). Since each divisor is a rational curve of self-intersection number −2 on X 0 , the E i generate a lattice Z 16 (−2) ⊂ H even (X 0 , R). On I one finds an affine F 4 2 geometry 4 [Nik75], which we use to label the fixed points. The four-plane
By Π we denote the so-called Kummer lattice
Its projection Π onto H 2 (X 0 , Z) is the minimal primitive sublattice which contains all Poincaré duals E i , i ∈ I, of exceptional divisors.
Let
2 the j th standard basis vector and Q j,k := P l,m such that {j, k, l, m} = {1, 2, 3, 4}. Then
. It is important to note that E i is the two-form contribution to E i , and vice versa E i is the orthogonal projection of the lattice vector E i onto (π * H even (T 0 , R)) ⊥ . The observation that this gives the unique consistent embedding of π * L(T 0 ) into L(X 0 ) leads to a direct proof of the fact that the B-field in a Z 2 orbifold CFT on K3 has value 1/2 in direction of each exceptional divisor of the blow up [Asp95, NW01] . This observation generalizes to all known orbifold CFTs on K3 [Wen] .
With the above description of H even (X 0 , Z) one checks that the Poincaré duals of generic fiber and holomorphic section in our elliptic fibration p :
respectively.
We will now determine the induced mirror map γ MS (X 0 ) ∈ Γ = Aut(L(X 0 )) ∼ = SO + (4, 20; Z). The geometric description of mirror symmetry implies that the 3 Given a lattice Γ, by Γ(n) we denote the same Z module as Γ with quadratic form scaled by a factor of n.
4 As usual, Fp, p prime, denotes the unique finite field with p elements. 5 We remark that in [NW01] we missed to exchange P j,k with Q j,k , which amounts to translation from homology to cohomology by Poincaré duality.
action on L(T 0 )(2) is induced by the action of γ MS (T 0 ) on L(T 0 ). To extend it to all of L(X 0 ) we have to find images of E i , i ∈ I, in Π ⊗ Q, such that the induced linear map is an automorphism of Γ. We claim that with arbitrary I 0 , K 0 ∈ F 2 the following map will do:
First, it is easy to see that this map preserves scalar products and acts as involution on Π. Since Π is generated by E i ±E j , i, j ∈ I, and 1 2 i∈H E i , H ⊂ I a hyperplane, one finds that (11) maps Π into itself. Next, we check that M ⊂ M is mapped into H even (X 0 , Z). Namely, setting I 1 := I 0 + 1,
E i+(I0,0,K0,M) + Kπ 3,4 , and π (I,J,K,M) ∈ Π with
Since γ MS (X 0 ) | Π is an involution, and
, this suffices to prove consistency. From the above it also follows that up to automorphisms of (π * H even (T 0 , Z)) ⊥ ∩ H even (X 0 , Z), (11) gives the only consistent maps γ MS (X 0 ). We will be more precise about this point at the end of Sects. 4 and 6.
Let us consider the actual geometric action of γ MS (X 0 ). From the above we can easily write out the map on H even (X 0 , Z) = span Z { M , Π}. Hence we have in particular found an explicit continuation of mirror symmetry as induced by fiberwise T-duality to the four singular fibers of p : X −→ P 1 over x 2 ∈ {0, r 2 /2}, x 4 ∈ {0, r 4 /2}, i.e. with labels (J, M ) ∈ F 
which is even invariant under (12). This is in accord with our construction, since our geometric interpretation of a K3 theory obtained as Z 2 orbifold on a Kummer surface with B = 0 for the underlying toroidal theory is indeed mapped into another such geometric interpretation. The mirror K3 is hence expected to be a singular Kummer surface again, with singular fibers of type I * 0 , and with monodromy (13) around each of them.
The Mirror Map for Kummer Type Surfaces
In this section, we give the action of mirror symmetry on Kummer type K3 surfaces obtained as orbifold limits T /Z N , N ∈ {3, 4, 6} of K3. Since the proofs are analogous to the one for N = 2 that has been discussed at length in the previous section, we restrict ourselves to a presentation of the results. For explicit proofs, one needs the description of L(X 0 ) in terms of π * L(T 0 ) ZN ∼ = L(T 0 ) ZN (N ) and the exceptional divisors obtained by blowing up all singularities, as given in [NW01, Wen] .
Recall the Z N orbifold construction of K3, N ∈ {3, 4, 6}. Let ζ N denote a generator of Z N and z 1 , z 2 complex coordinates on T , such that T = T 2 × T 2 with elliptic curves T 2 , T 2 . If both curves are Z N symmetric (note that the metric in general need not be diagonal with respect to z 1 , z 2 ), there is an algebraic Z N action on T given by
. By blowing up the singularities of T /Z N and assigning volume zero to all exceptional divisors we obtain a Z N orbifold limit X of K3. The fixed point set of Z N on T will be denoted I in general, and n(t) is the order of the stabilizer group of t ∈ I. For N = 3 we have I ∼ = F 2 3 , and since the Z 4 , Z 6 orbifold limits can be obtained from the Z 2 , Z 3 orbifold limits by modding out an algebraic Z 2 action, for N = 4, 6 we use I = F 
The exceptional divisor in the blow up of a Z n(t) type fixed point t ∈ I has n(t) − 1 irreducible components with intersection matrix the negative of the Cartan matrix of A n(t)−1 . The projections to (π * L(T 0 ) ZN ) ⊥ of the Poincaré duals of these (−2)
We define
as well as a Z n(t) action on E t := span Z {E (l) t , l ∈ {1, . . . , n(t) − 1}} generated by
As in Sect. 3 it suffices to determine the image of each E (l) t under the extension of the mirror map of the underlying toroidal theory. For the Z 4 orbifold, the latter is γ MS (T 0 ) as in (7), and for the Z 3 and Z 6 orbifolds we have to use γ MS (T ′ 0 ) as defined in (8).
We list the singular fibers of p : X −→ P 1 in terms of Kodaira's classification [Kod63, Th.6.2], all of which are non-stable. Recall also the labels of the corresponding extended Coxeter Dynkin diagrams:
By construction, our map γ MS (X (′) 0 ) acts fiberwise (c.f. (11)), hence it suffices to specify the map on each type of singular fibers. Accordingly, fixed points are only labeled by the fiber coordinates x 1 , x 3 in the following (see footnote 6).
Fibers of type I * 0 have been discussed in Sect. 3. Type IV * occurs in both Z 3 and Z 6 orbifolds and contains three A 2 type exceptional divisors with components Poincaré dual to E (l) t , l ∈ {1, 2}, t ∈ F 3 . We find
where we have chosen an origin 0 ∈ F 3 and the standard scalar product on F 3 .
For III * , which occurs in the Z 4 orbifold, we have two A 3 type exceptional divisors giving E (l)
i , l ∈ {1, 2, 3}, i ∈ {(0, 0), (1, 1)}, and one A 1 type exceptional divisor corresponding to E (1,0) . Then i ∈ F 2 , l ∈ {1, 2, 3} :
Finally, for II * we have one A 5 , A 2 , A 1 type exceptional divisor each, corresponding
To prove the above, one has to check that scalar products are preserved and that the generator υ 0 of H 0 (X (′) 0 , Z) (see (21)) is mapped onto a lattice vector as well as
∈ L(X 0 ), in general, and that υ = √ Nυ generates H 4 (X 0 , Z); see [NW01, Wen] and compare to (9)). This is a straightforward calculation using [Wen] .
For later convenience, (11), (15)- (17) can be summarized in the following formula:
t ∈ I a fixed point of type Z n(t) :
where for n(t) = 2 we set E (1) t := E t , and in the sum over k ∈ fiber each fixed point on the torus is counted separately. As noted in Sect. 2, γ MS (T 
where for t ∈ I, l ∈ {1, . . . , n(t) − 1} :
Hence γ MS (X ) and Π N . It is clear that g can incorporate arbitrary shifts of the fixed points in direction of the base in our fibration p : X −→ P 1 . In case N = 2 this corresponds to the freedom of choice of I 0 , K 0 ∈ F 2 in (11). One checks that among the lattice automorphisms that permute fixed points, g must respect our fibration and therefore can only incorporate shifts on I or the map ι : t → −t, t ∈ I. The latter is nontrivial only in the Z 3 case I ∼ = F 2 3 , where it corresponds to the standard Z 2 action on the underlying torus, i.e. the algebraic automorphism that is modded out from T ′ 0 /Z 3 to obtain T ′ 0 /Z 6 . Having said this and using the form of (19), in the following we may assume that g acts as lattice automorphism on each E t = span Z {E (l) t , l ∈ {1, . . . , n(t) − 1}} separately. Since g is orthogonal, it must permute the roots in E t . Recall from [Wen, Th. 3 .3] that
where B N ∈ Π N : ∀ t ∈ I, l ∈ {1, . . . , n(t) − 1} :
0 ) with (18) together with the fact that g preserves scalar products implies g |Et = ϑ kt for some k t ∈ {1, . . . , n(t)}. Moreover, g must obey
which restricts the possible combinations of k t that define g. In fact, with the results of [Wen] about the form of Π N , all in all we find that γ MS (X 0 ) is given by (19) up to the above mentioned permutations in I and the action of some
For N ∈ {2, 3} these degrees of freedom are parametrized by Af f (I, F N ) , since we have a natural identification
We will give an interpretation of this result at the end of Sect. 6. Note that by the above for any a ∈ Z, γ MS (X
0 ) as well. Hence (20) shows that we can define mirror maps of order 4 on the Z 3 and Z 6 orbifold limits of K3.
We can also easily check the action of γ MS (X (′) 0 ) on the monodromy around the singular fibers. Again from [Kod63, Th.9.1] we read off the monodromy matrices and -apart from I * 0 -find invariance under (12) for III * type fibers only. It follows that the geometric interpretation as Z 4 orbifold limit obtained from a toroidal theory on a rectangular torus with vanishing B-field is mapped to another such geometric interpretation under mirror symmetry, as expected. For the Z 3 and Z 6 cases, on the other hand, the analogous statement is not true. Though the conjugacy class of the monodromy remains unchanged under γ MS (X ′ 0 ) by definition, its representative changes under (12). This might not be surprising because of the modification (8) we had to perform on our lattice automorphism γ MS (T ′ 0 ), and it seems to be due to differences in the complex structure. Namely, for rectangular tori one has a purely imaginary complex structure on the fiber, but for Z 3 or Z 6 orbifolds this is impossible. The images under mirror symmetry will not have purely imaginary Kähler parameters, in other words will have a non-vanishing Bfield. It might be interesting to explore this point, which suggests a link between monodromy and complexified Kähler structure within classical geometry.
The Mirror Map for Z N Orbifold Conformal Field Theories
By our discussion in the Introduction, γ MS (X (′) 0 ) is to be interpreted as automorphism on the universal cover M of the moduli space of N = (4, 4) superconformal field theories on K3 that identifies equivalent theories. As such it induces an action on the fields of any of our orbifold CFTs. Since our version of mirror symmetry is induced by T-duality on a c = 3 toroidal subtheory of the underlying c = 6 toroidal superconformal field theory, we can determine this action independently from the geometric results of Sects. 3 and 4. This is the aim of the present section. We remark that our technique is similar to that used in [BER99] .
Orbifold CFTs have a generic W-algebra given by the invariant part of the current generated algebra on the underlying torus. The Hilbert space of such a theory decomposes into the Z N invariant W-algebra representations of the underlying toroidal theory and the so-called twisted sector. The latter consists of W-algebra representations with infinite quantum dimensions, the ground states of which are given by the twist fields. In the following, these twist fields are denoted T l t , l ∈ {1, . . . , n(t) − 1}, where we have chosen T t of order n(t) for each t ∈ I. We normalize them such that
Here ·, · denotes the standard scalar product on the Hilbert space which on (1, 1) fields induces the Zamolodchikov metric. In Sect. 6, we will see that the normalization (23) is the natural one.
Twist fields and all the fields of the torus theory can be included together in n-point functions, if one admits ramifications of the world sheet at the twist field positions [HV87, DFMS87] . Denote by V (p, z) the vertex operator of momentum p = (p l , p r ) and conformal dimensions (h,h) = (p 
The OPE of V (p, z) with the twist fields T t (x), t ∈ I, has a contribution given by the twist fields themselves. We write it in the form
We will read off the commutation relations of the matrices W (p) from the four-point function
The function O is the product of a term meromorphic in z, z ′ with an anti-meromorphic one. We set O = 0 if T t (x)T t ′ (y) = 0.
Let us assume that T t , T t ′ both correspond to Z n twists θ, such that by going around T t (x) or around T t ′ (y) in the opposite sense, V (p, z) becomes V (θp, z). Hence the V (θp, z) are well defined on the n-fold cover of the Riemann sphere, which is another Riemann sphere with coordinate ξ = ((z − x)/(z − y)) 1/n , and analogously η = ((z ′ − x)/(z ′ − y)) 1/n . For fixed x, y the function O(z, z ′ , x, y) is meromorphic on the cover, with poles given by the known OPE of the vertex operators. This yields
where ζ n := exp(2πi/n) and o(x − y) is easy to calculate but irrelevant for our purpose. Taking the limits z → x and z ′ → x in different orders one finds
where
(see [Lep85, NSV87] ). Hence the W (p) form a Weyl algebra which is represented on the vector space spanned by the twist fields. For a given geometric interpretation, where we assume B = 0 on the underlying toroidal theory, the momentum state vertex operators are characterized by p l = p r . They therefore form an Abelian subalgebra of the Weyl algebra (25). With respect to this subalgebra, the representation decomposes into one-dimensional subrepresentations with ground states T l t , each of which corresponds to a Z n(t)/ gcd(l,n(t)) twist on a Z n(t) type fixed point.
To see this explicitly note that for a geometric interpretation with B = 0 we have
with (µ, λ) ∈ span Z {µ 1 , . . . , µ 4 } ⊕ span Z {λ 1 , . . . , λ 4 }.
Now (25) takes the form
In fact, I can be interpreted as part of the subgroup of elements of order n, n | N in the Jacobian torus H 1 (T 0 , R)/H 1 (T 0 , Z), where H 1 (T 0 , Z) ∼ = span Z {λ 1 , . . . , λ 4 }, and there is a canonical map
and
0 ) as discussed in Sect. 2 is given by T-duality on the x 1 , x 3 directions of the torus T , which agrees with the Fourier-Mukai transform on the corresponding two-torus [Nah82, Nah84, Sch88, BvB89], see also [Tho01] . The standard Fourier transform on R d extends to all measurable Abelian groups. On Z N it takes the form
.
In the present context, however, it is natural to restrict
on each component. Let t k ∈ Z N denote a generator in the k th component, then one has
which for simplicity we keep on calling discrete Fourier transform in the following. Under T-duality, momentum states and winding states are interchanged, and the latter are characterized by p l = −p r . The ground states of the one-dimensional subrepresentations of the subalgebra of winding states are therefore obtained from the generators {T l t , t ∈ I, l ∈ {1, . . . , n(t) − 1}} of the twisted sector by performing a Z N type discrete Fourier transform. By the above, the resulting map on twist fields has the general form l ∈ {1, . . . , n(t) − 1}} :
Here, we use the labeling of fixed points that was introduced in Sect. 4 and is restricted to the fiber coordinates x 1 , x 3 . As in (19), each fixed point on the torus contributes separately to the sum j ∈ fiber. Note in particular that
. Explicitly we have in the Z 2 case:
in the Z 3 case:
in the Z 4 case:
(1,1) , in the Z 6 case:
Mirror Symmetry, Discrete Fourier Transform, and the McKay Correspondence
In Sects. 4 and 5 we have independently derived the action of mirror symmetry γ MS (X (′) 0 ) both in terms of geometric data (19) and CFT data (28). Now we shall relate the two approaches and give an interpretation in terms of the classical McKay correspondence.
In general, we assume that the Z N orbifold CFT as discussed in Sect. 5 possesses a geometric interpretation on our Z N orbifold limit of K3 as discussed in Sect. 4. along with the corresponding Weyl algebra representation given in Sect. 5. In order to work with geometric objects, recall from our discussion in Sect. 4 that rather than the lattice Π N we have to consider its projection Π N onto H 2 (X (′) 0 , Z). By υ 0 , υ we denote the generators of H 0 (X
0 , Z), respectively, and recall from (18) that ∀ t ∈ I, l ∈ {1, . . . , n(t) − 1} :
Hence the Z n(t) symmetry (14) on the irreducible components of the exceptional divisor over a given fixed point t ∈ I actually is
i.e. ϑ( υ) = υ. By the above, the "quantum" symmetry ϑ has a straightforward geometric meaning.
We also set ϑ( υ 0 ) = υ 0 and consider the induced action on the basis dual to
equivariant flat line bundles on T . On the other hand, µ ∈ span Z {µ 1 , . . . , µ 4 } acts by tensoring a line bundle on T with the bundle L µ associated to χ, where
Summarizing, (30) gives an isometry between the C-vector space spanned by the twist fields of an orbifold CFT and a subspace of H * (X (′) 0 , C), which allows us to identify the natural action of the Weyl algebra (25) on twist fields with the natural action of the same Weyl algebra on the Z N equivariant flat line bundles on T . It has been known before, of course, that such identifications should be possible [Wit98, GC99, DG00, BGK01, dBDH + ]. Recall from (22) that our formula (19) was only determined up to certain permutations of the fixed points and an action of g b that is characterized by inducing an integral B-field shift by some b ∈ Π N / t∈I E t . Since Π N / t∈I E t , and for N ∈ {2, 3} equivalently Af f (I, F N ) parametrizes Z N equivariant flat line bundles on T , this freedom of choice translates nicely into possible coordinate choices on that parameter space. We have seen, though, that the choice of g b may influence the order of the resulting γ MS (X ′ 0 ). We find that it then corresponds to a twisting of our mirror map, given by some equivariant flat line bundle on T .
Finally, let us briefly explain the connection of our results to Chen and Ruan's orbifold cohomology [CR] on [T /G] as discussed in [Ruab, FG] . In the present case of cyclic G = Z N it is isomorphic to of the twisted sector corresponding to the fixed point t ∈ I have scalar product
In fact, if instead of (34) one uses the associated sesquilinear form 7 and slightly different normalizations to identify T (t) ζ l n(t) with T l t , it agrees with our metric in the twisted sector of the orbifold CFT. More importantly, this means that (30) can be used to prove that for all orbifold limits discussed in this note
0 , C) as metric spaces, confirming part of Ruan's conjecture [Ruab, Conj.6 .3] for these cases.
Conclusions
In this note, we have analyzed a version of mirror symmetry on elliptically fibred K3 surfaces that is induced by fiberwise T-duality on nonsingular fibers. It is straightforward to determine this map for four-tori, which enables us to give the explicit action on Z N orbifold limits of K3, N ∈ {2, 3, 4, 6}, by the techniques of [NW01, Wen] . In the present case of N = (4, 4) superconformal field theories with central charge c = 6 the mirror map can be realized as automorphism on the lattice of integral cohomology on the underlying complex surface (torus or K3). While the order of mirror symmetry on the torus is 4, it can take values 4, 8, or 12 on our orbifold limits of K3. On the CFT side, the mirror map is induced by a Z N type discrete Fourier transform in the fiber acting on the twist fields of the orbifold conformal field theory. Since we are able to derive the mirror map in both the geometric and conformal field theoretic description independently, we can deduce the exact geometric counterparts of orbifold CFT twist fields. Moreover, the correspondence between the twist fields and Z N equivariant flat line bundles can be deduced directly. The natural "quantum" Z N symmetry in the twisted sector of the orbifold CFT, which can be modded out to retain the original toroidal theory, gains geometric meaning. In fact, by the classical McKay correspondence it can be traced back to properties of singularities already investigated in [Mum61, Hir95] .
Our version of mirror symmetry agrees with the one proven more generally in [VW95] , which was generalized to the celebrated Strominger/Yau/Zaslow conjecture [SYZ96] . We have avoided M-theory language, though, and restricted considerations to the underlying geometry. Together with the rich structure of the K3 moduli space this enables us to carry out the construction away from large volume or large complex structure limits in the moduli space and even without touching the issue of its compactification. Note that all our T 2 fibrations p : X −→ P 1 have non-stable singular fibers. A large complex structure limit in the sense of [GW] has therefore not even been defined for those cases we are interested in.
Our results on the explicit prescription for the identification of conformal field theoretic and geometric data might be of interest in their own right. We have pointed out how they resolve the objection in [FG] to Ruan's conjecture [Ruab, Conj.6 .3] (see footnotes 1 and 7; [Ruaa] ). Note also that we are working within the full CFT, without having to perform a topological twist or introduce boundary states to probe the geometry of our orbifold limits of K3.
